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SEGAL FRECHET ALGEBRAS 

F. ABTAHI, S. RAHNAMA AND A. REJALI 


Abstract. Let (.A, ^ Frechet algebra. In this paper, we intro¬ 

duce the concept of Segal Frechet algebra and investigate known results 
about abstract Segal algebras, for Segal Frechet algebras. Also we recall 
the concept of approximate identities for topological algebras and provide 
some remarkable results for Segal Frechet algebras. Moreover, we verify 
ideal theorem for Frechet algebras and characterize closed ideals of Segal 
Frechet algebra {B,qm)meN in 


0. Introduction 

Segal algebras were first defined by H. Reiter for group algebras in [20]. Then 
Burnham [2] introduced the notion of abstract Segal algebra in Banach algebra 
(A, ll.m). As an important result, he showed that approximate identities in the 
proper abstract Segal algebras can not be bounded. Also he examined ideal 
structure of a class of Banach algebras that subsume Cigler’s normed ideals [6] 
and Reiter’s Segal algebras [19, Page 127]. Moreover, he proved that if (S, |[.||b) is 
a commutative abstract Segal algebra in (A, ||.|[yt) with an approximate identity, 
then there is a one to one correspondence between the closed ideals of B and those 
of A. We also found many other valuable results in [1]. In fact he considered 
the relationship between the Banach algebras (A, ||.|U) and (S, ||.||b), whenever 
B is also a left ideal in A. For example, he proved that if ||6||x < for 

all 6 € S and some D > 0, then S is a Banach left A— module [1, Theorem 2.3]. 
Moreover, he showed that if there is the certain above inequality between ||.||^ 
and ||.||b, and also S is a Banach left A— module, then 6 is a left ideal in d^(6), 
closure 6 in A [1, Proposition 2.1]. In fact these observations lead to summarize 
the definition of abstract Segal algebras. We also refer to [3], [4], [6], [7], [8], [10], 
[11] and [21], which contain valuable results related to this subject. 

Some of the notions related to Banach algebras, have been introduced and 
studied for Frechet algebras. For example, the notion of amenability of a Frechet 
algebra was introduced by A. Yu. Pirkovskii [18]. He generalized some theorems 
about amenability of Banach algebras such as strictly flat Banach A-bimodule, 
virtual diagonal and approximate diagonal of Banach algebras, to Frechet alge¬ 
bras. Also in [16], P. Lawson and C. J. Read introduced and studied some no¬ 
tions about approximate amenability and approximate contractibility of Frechet 
algebras. 

The present work is essentially raised from the available results in the field 
of abstract Segal algebras. Let {A,pe)een be a Frechet algebra. According to 
the definition of abstract Segal algebras [2], we first introduce the concept of 
Segal Frechet algebra in (A,p^)^gN- To provide an example about Segal Frechet 
algebra, we verify the results of Burnham and Barnes for Segal Frechet algebras 
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and show that Proposition 2.1 and Theorem 2.3 of [1] are valid for Segal Frechet 
algebras, as well. It follows that as in abstract Segal algebras, the definition of 
Segal Frechet algebra can be summarized. Moreover, we recall the concept of 
approximate units, multiple approximate identity and approximate identity for 
Frechet algebras and investigate [2, Theorem 1.2] for Segal Frechet algebras and 
obtain the same result. Indeed, we prove that if {B, ( 7 m)meN is a proper Segal 
Frechet algebra in which contains an approximate identity (cq,), then 

(ca) can not be bounded in At the end, we verify ideal theorem 

and characterize closed left ideals of a Segal Frechet algebra. In fact we show 
that every closed left ideal of any Segal Fr&het algebra in {A,pe)eGn, is the 
intersection of a closed left ideal of A with B. 

1. Preliminaries 

In this section, we present some basic definitions related to Frechet algebras, 
which will be required throughout the paper. See [12], [13] and [17], for more 
information. 

A locally convex topological vector space E is a topological vector space in 
which the origin has a local base of absolutely convex absorbent sets. A collection 
U of zero neighborhoods in E is called a fundamental system of zero neighbor¬ 
hoods, if for every zero neighborhood U, there exists aV€lJ and an £ > 0 such 
that eV C U. Throughout the paper, all locally convex spaces are assumed to 
be Hausdorff. S C E is called bounded if for every zero neighborhood U, there 
exists scalar A such that S C XU; it is called balanced if for each a G C with 
|a| < 1, aS C S. Moreover S is called absorbing if for each x € E, there is the 
scalar A such that x € AS'. 

A family {pa)aGA of continuous seminorms on E is called a fundamental 
system of seminorms, if the sets 

Ua = {x G E : Pa{x) <1} (a G A) 

form a fundamental system of zero neighborhoods. We refer to [17, page 251], 
for more details. Every Hausdorff locally convex space E has a fundamental 
system of seminorms {pa)aGA; equivalently a family of the seminorms satisfying 
the following properties: 

(i) For every x G E with x ^ 0, there exists an a G A with Pa{x) > 0; 

(ii) For all a, P G A, there exist 7 G A and C > 0 such that 

max{pa{x),pi 3 {x)) < Cpj{x) {x G E); 
see [17, Lemmas 22.4,22.5]. 

Now let E be a locally convex space and {pa)aGA be a fundamental system 
of seminorms. A subset H of E is bounded if and only if sup^^^Pa{x) < 00 , for 
each a G A. 

We recall [17, Proposition 22.6], which is very useful in our later discussions. 

Proposition 1.1. Let E and F be locally convex spaces with the fundamental 
system of seminorms (j>a)aeA in E and {qp)is^B in F. Then for every linear 
mapping T : E —> F, the following assertions are equivalent. 

(i) T is continuous. 

(ii) T is continuous at 0. 

(hi) For each 13 G B there exist an a G A and C > 0, such that 

< Cpa{x), 
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for all X € E. 

It should be noted that by [13, page 24], if {E,p^), {E, q\) and (G, Ti,) are locally 
convex spaces, and 0 : E x E ^ G is a bilinear map, then 6 is jointly continuous 
if and only if for any vq there exist po and Aq such that the bilinear map 

6 : {E,p^„) X {E,qx„) —5- (G,r^J 

is jointly continuous. In other words there exists G > 0 such that 

Tvo{0(,x,y)) < Cpf,g{x)qxg{y), 

for a\\ X & E and y € F. Recall from [22] that bilinear map / from E x F into G 
is said to be separately continuous if all partial maps fx'-F^G and fy'.E^G 
defined by y n- f{x,y) and x i—>■ f{x,y), respectively, are continuous for each 
X £ E and y £ F. By [22, chapter.IIL5.1], both types of continuity coincide in 
the class of Frechet spaces and in particular, Banach spaces. In such a situation, 
we use only ’’continuous” phrase. A topological algebra A is an algebra, which 
is a topological vector space and the multiplication Ax A — A, defined by 
(a, b) I—>■ a& is a jointly continuous mapping; see [12, Definition (3.1.5)]. A locally 
m-convex Frechet algebra (Imc Frechet algebra) is a complete topological algebra, 
whose topology is given by a countable family of increasing submultiplicative 
seminorms; see [12] and [14] for more information. For convenience, throughout 
the paper, we use the label ’’Frechet algebra”, instead of ”Imc Frechet algebra”. 

2. Introduction of Segal Frechet algebra 

A Banach space {B, [[.[[b) is called an abstract Segal algebra of (A, 11 - 11 . 4 ) if 
the following statements are satisfied: 

(Ai) is a dense left ideal in A. 

(A 2 ) There exists M > 0 such that \\f\\A < Afjj/jjg, for each f £ B. 

(A 3 ) There exists G > 0 such that |]/(/||b < C'li/li.AllffII b) for each f,g £ B. 
Equivalently, (B, ||.11b) is an abstract Segal algebra of (A, jj.jU) if it is continu¬ 
ously embedded in A and also it is a Banach left A— module. Retrieved from this 
definition, we introduce the concept of Segal Frechet algebra as the following. 

Definition 2.1. A Frechet algebra (S,<7m)mGN is a Segal Frechet algebra in a 
Frechet algebra (A,p^)£gN if the following conditions are satisfied: 

(i) 6 is a dense left ideal in A. 

(ii) The map 

(2.1) i:{B,qm)mGn — > {A,p£)i^n, a a, {a £ B) 

is continuous. 

(hi) The map 

(2.2) {B,pi)e(zf<i X {B,qjn)m&N — > {B,qjn) 7 neN, {a,b)^ah, {a,b & B) 
is jointly continuous. 

B is called a symmetric Segal Frechet algebra in A, if 13 is a dense two-sided 
ideal in A and ( 2 . 1 ) and ( 2 . 2 ) hold. Moreover the map 

{B,qm)Tnefi X {B,p£)£^n — >{B,qm)mGn, ia,b)'-^ab, {a,b ^ B) 

is jointly continuous. 
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Note that the concept of Segal Frechet algebra is coincided to the concept of 
abstract Segal algebras, in the case where A and B are Banach algebras. 

For presenting an example about Definition 2.1, we shall make some prepara¬ 
tions. 

Remark 2.2. Let be a Segal Frechet algebra in Frechet algebra 

(A w)^eN- 

(1) As in Banach algebras, conditions (ii) and (iii) in Definition 2.1, can 
be given similar to (A 2 ) and (A 3 ) in the definition of abstract Segal 
algebras. In fact Proposition 1.1 implies that condition (ii) in Definition 
2.1 is equivalent to the fact that, for every ^ G N, there exist Mf > 0 
and G N such that, P£(b) < Miq^eib), for all b € B. Moreover by 
[13, Page 24], continuity of the map in (iii) is equivalent to the fact that 
for every m G N there exist > 0 and £m,nm G N such that for all 
a,b & B, 

qm{ab) < KraP£^{a)qn^{b). 

(2) As in abstract Segal algebras, since B is a dense subspace of A, we can 
extend the continuous map ( 2 . 2 ) to the unique continuous map 

{A,pe)eeN X <7m)mGN -> {B, (?m)mGN, («, b) ub. 

Indeed, since 

(B,p^)^gN X {B,qm)ra(£n —^ {B,qm)ra(£n, {a,b) ^ ab, 

is jointly continuous, so it is separately continuous and consequently 
both maps 

{BjPijl^fi - > {B,qJn)meti^ O 

and 

(^7 <Zm)mGN ^ {B^ Qm)mGN5 b I ^ 

are continuous, for all a,b & B. It is not hard to see that for each a € A, 
the map 

{B^ Qm)mGN ^ {B^ qm^mGNj b I ^ (z 6 , 

is continuous. Moreover by [17, Lemma 22.19], the map 

{B,p£)eeti — > {B,qm)Tnefi, a^ab, 
has a unique extension to the continuous map 

{A,p£)£eti —)■ {B, gm)mGN, a i-> ab, 
for all 6 G B. It follows that the map 

(A,P£)^^N X (13, <7m)mGN ^ {B^qm'jmGNi 

is separately continuous. Since A and B are Frechet algebra, thus the 
map is jointly continuous. 

As the main results of this section, we prove Proposition 2.1 and Theorem 
2.3 of [1], for the Frechet algebras. In fact we show that the definition of Segal 
Frechet algebra can be summarized. First, we recall closed graph theorem for 
the Frechet spaces. Let E and F be Frechet spaces and T : E —S’ F is a linear 
mapping such that its graph, {{x,T{x)) : x G E}, is closed in F x F. Then T 
is continuous; see [12, B.2]. 
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Theorem 2.3. Let {B,qm)meN be a Frechet algebra, which is a left ideal in a 
Frechet algebra (.4,p^)^gN- If the map 

i : {B, qm)men —5- {A,pi)ieN a a 
is continuous, then the map 

iA,pe)ieN X [B, qm)m(^n -5- {B, (?m)mGN, (a, b) ob 

is continuous. 

Proof. Let b € B and define 

Tb : {A,pe)iGn —s- {B,qm)men 

by Tb{a) = ab, for each a G A. By the closed graph theorem in Fr&het algebras, 
we show that Tb is continuous. Suppose that (an)neN is a sequence in A such 
that lim„_,.oo w(an) = 0 and 

(2.3) lim qm{Tb{an) - c) = 0, 

n—>-oo 

for all t', TO G N and some c G B. We show that c = 0. By the hypothesis for 
each £ G N, there exist > 0 and mi G N, such that 

pi{a) < Miqm,{a), {a G B) 

and so for each n G N 

(2.4) Piittnb - c) < Miqmt {a„b - c). 

By (2.3), the right hand side of the above inequality tends to zero. The inequality 

(2.4) implies that lim„_>oo cLnb = c, in the topology of A. Moreover, since pi is 
submultiplicative, we have pi{anb) < pi{an)pi{h). It follows that lim„_>oo cinb = 
0, in the topology of A. Thus c = 0, as claimed. Consequently Tb is continuous. 
Similarly, one can show that for each a G A, the map Sa ■ {B, qm)mGH 
{B, qm)mGH defined by Sa{b) = ab is continuous. This completes the proof. □ 

Theorem 2.4. Let (M,p^)^gN and {B,qm)mefi be Frechet algebras, such that B 
is a subalgebra of A and both maps given in (ii) and (iii) in Definition 2.1 are 
continuous. Then B is a left ideal in cIa{B), the closure of B in A. 

Proof. Suppose that b G B and a G clj,{B). Thus there exists a sequence (a„)„gN 
in B such that lim„_>oo w(an — a) = 0, for every t' G N. Also by Remark 2.2, for 
each TO G N, there exist Cm > 0 and nmAm G N such that 

qm{anb - akb) = qm{ia„ - ak)b) < CmPi,^ia„ - ak)qn„,{b), 

for all n,k G N. Since (a„)„gN is convergent in A, it is a Cauchy sequence in 
A, and so (anb)neN is a Cauchy sequence in B. Consequently there exists c G B 
such that for every to G N, lim„_i.oo qm(p,nb — c) = 0. On the other hand by 
Remark 2.2, for every £ G N, there exist CV > 0 and mi G N such that 

pi{anb - c) < CiqmMnb - c). 

Since the right hand side of the above inequality tends to zero, lim„_,.oo Onb = c, 
in the topology of A. Also by the continuity of multiplication in A, lim„_ 5 .oo Onb = 
ab. It follows that ab = c, and so ab G B. This completes the proof. □ 

Corollary 2.5. Let {A,pi)i^n and {B,qm)meti be Frechet algebras, such that B 
is a dense subalgebra of A and both maps given in (ii) and (iii) in Definition 2.1 
are continuous. Then B is a Segal Frechet algebra. 
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Remark 2.6. Let {A,pe)e&n and {B, qm)m&n be Frechet algebras. The definition 
of Segal Frechet algebra may be summarized as the following: 

(1) By Theorem 2.3, part (hi) in Definition 2.1 can be omitted. In fact a 

Frechet algebra (B, qm)men is a Segal Frechet algebra in Frechet algebra 
(.4, if the conditions (i) and (ii) in Definition 2.1 are satisfied. 

(2) If 13 is a dense subalgebra of A, then Corollary 2.5 mentions that in 
Definition 2.1, condition (i) can be obtained by (ii) and (hi). 

Now we are in a position to provide examples concerning Segal Frechet al¬ 
gebras. We found many examples in [23], which satisfy the conditions of Segal 
Frechet algebras and so can be good examples of our definition. 

We explain here Part (b) of [23, Example 3.3], which is a nice example in this 
field. 

Example 2.7. Let X be a infinite countable set. A function £ : A —>■ [l,oo) 
is a scale on X. We say that a scale £ on A is proper if the inverse map £~^ 
takes bounded subsets of [1, co) to hnite subsets of A. For the family of scales 
£ = {r on A, dehne 

Sr(X) = {p:X^C, |l¥.||“ <cx),Vn€N}, 

where 

ll¥>ll“ = sup{r(x)i(^(x)i}. 

xGX 

Then <S“(A) is called the sup-norm £—rapidly vanishing functions on A. The 
family (£")^q will satisfy £^ < £^ < ...£" < ..., so that the families of norms 
increasing. Moreover, it is easy to see that all of them are sub- 
multiplicative under pointwise product. In fact 5“ (A) is a Frechet algebra. 
Now consider co(A), the commutative Banach algebra of complex-valued se¬ 
quences which vanish at infinity, with pointwise multiplication and sup-norm 
IMIoo- We show that <S“(A) C co(A). Suppose on the contrary that there exists 
(p € 5“ (A) such that (p ^ co(A). Thus there is e > 0 such that for each finite 
subset F of A, there exists xp ^ F with |i^(xf)| > Since £ is a proper scale, 
thus for each n € N, there exists ^ £~^{[l,n\) such that \(p{xn)\ > S- It 
follows that 

sup {£{x)\{p{x)W = oo, 

x^X 

which contradicts the assumption of v? € 5“ (A). Therefore 5“ (A) C co(A). 
It is easy to see that the inequalities [[v? V'IDf ^ llV’lloo are satisfied, for 

all (/?,■!/'€ Sf{X). Since <S“(A) contains the space of finite support functions 
denoted by coo(A), it follows that Sf‘{X) is a dense Frechet ideal in co(A), and 
so Sf‘{X) is a Segal Frechet algebra in co(A). 

3. Main results 

In this section, we prove some other results of [1] and [2] for Segal Frechet 
algebras. We require recall the following definitions from [14] and [18]. 

Definition 3.1. Let {A,p(,)(,^n be a Frechet algebra. 

(1) We say that A has left (right) approximate units if for each x G A 
and £ € N and e > 0, there exists u G A such that pe{ux — x) < e 
{pe{xu — x) < e). Moreover we say that A has a bounded left (right) 
approximate units if there exists a bounded subset B of A, such that 
for each x G A and £ > 0 and £ G N, there exists b G B such that 
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pe{bx — x) < £ (pi{xb — x) < s). 


( 2 ) A has a left (right) multiple approximate identity if given {oi,a„} C 
A and £ > 0 and £ € N, we may find b G A such that 

pe{bai - tti) < £ {pi{aib - Oi) < er), 

for all i = 1,2, We further say that A has a bounded left (right) 
multiple approximate identity if there exists a bounded subset B of A, 
such that for each finite subset {oi, of A, we may find b in B, 

satisfying the above inequality. 

(3) A left (right) approximate identity in A is a net {ea)aeA in A, such that 

limp£(eaa — a) = 0 (limp£(aea — a) =0), 

a a 

for all a e A and £ G N. It is called a bounded left (right) approximate 
identity if {Cq, a G A} is a bounded set in A. We say that {ea)a£A is 
an approximate identity if it is both left and right approximate identity. 


We commence with the following result, which is in fact a generalization of 
[5, Proposition 2 page 58], to Frechet algebras. 

Proposition 3.2. Let (A, p^)fgN be a Frechet algebra. Then the following state¬ 
ments are equivalent; 

(i) A has bounded left approximate units, 

(ii) A has a bounded left multiple approximate identity, 

(hi) A has a bounded left approximate identity. 


Proof, (i) (ii). By the hypothesis, there exists a bounded subset B oi A 

such that for each £ G N, pe{b) < Mi, for some Mi > 0. Moreover, for 

each X G A and e > 0 and f G N, there exists b G B with pi{bx — x) < £. Set 
W = {u-\- V — vu ■. u,v G B}. We show that for each finite subset F oi A and 
f G N and e > 0, there exists w GW such that for all x G F, pi{wx — x) < £. 
We prove it inductively. First let F = {xi,X 2 }. So for each G N, there exist 
u,v G B such that 

pi{xi - UXi) < 


and 


l + Mi 

Pe{{x2 - UX2) - V{X2 - UX2)) < £. 


Assuming w = u v — vu, we have pi{xj — wxj) < £, for j = 1,2. Now suppose 
that (ii) holds for {xi, ...,Xn} and consider the finite subset F = {xi,..., x^+i} 
of A. Let ai = max{p^(xj) : j = 1, ...,n}. Thus for each £ G N there exists 
y GW such that 

£■ 

Pi{^3 -yxj) < ^PTTTTTyi > (j = l> 2 ,...,n). 


3(1 + MiY 


and pi{xn+i - wxn+i) < £■ 


One can choose w GW such that 
pi{y-wy) < 

6ai 

Thus for each j G {1,2,..., n}, we have 

pi{xj-wxj) < pi{xj - yxj) + piiyxj - wyxj) + pi{wyxj - wXj) 

< pi{xj - yxj) Fpi{y- wy)pi{xj) + pi{w)pi{jjXj - xj) 

;{2Mi + Ml) <£, 


< 


Hi + MiY 


£ 

+ 3 


3(1 + MiY 
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which is our claim. 

(ii) (i) is clear. 

By [18, Proposition 5.2], (ii) and {Hi), are equivalent. □ 

The following result is interesting in its own right. It is a generalization of a 
result due to Burnham [2], for Segal Frechet algebras. It shows that the condition 
(ii) in Definition 2.1, can be obtained from the conditions (i) and (iii). 

Proposition 3.3. Let {A,p(,) be a Frechet algebra with a right approximate 
identity denoted by (ea)a, and {B,qm) be a Frechet algebra, such that B is a 
dense left ideal in {A,pt). Also suppose that the map 

{A,pi) X {B,qm) — > {B,qm), ia,b)^ab, {a € A,b € B) 

is continuous. Then {B,qm) is a Segal Frechet algebra in {A,pi). 

Proof. It is sufficient to show that the map (2.1) is continuous. We will use 
Closed graph theorem [17, Theorem 8.8] for Frechet algebras. Let (6„) be a 
sequence in B such that 0, in the topology of B and —)■ c, for some 

c e .A, in the topology of A. Since {B, qm) is a Frechet algebra thus for every 
b G B, bnb -G 0, in the topology of B. By the hypothesis, —>• cb, in the 

topology of B. Thus cb = 0, for all b G B. Density of B in A. implies that ca = 0, 
for all a G A. It follows that ceo, = 0, for all a. Since cca -^a c, in the topology 
of A, therefore c = 0. Thus the result is obtained. □ 

Corollary 3.4. Let {A,pe) be a Frechet algebra with an approximate identity, 
and {B, qm) be a Frechet algebra, such that B is a dense two-sided ideal in {A,pi). 
Also suppose that the maps 

{A,pi) X {B,qm) — >{B,qm), ia,b)^ab, {a G A,b G B) 

and 

{B,qm) X {A,pi) — y{B,qm), {b,a)i-G-ba, {a G A,b G B) 
are continuous. Then {B,qm) is a symmetric Segal Frechet algebra in {A,p(,). 

It is known that proper abstract Segal algebras never admit a bounded ap¬ 
proximate identity. In the following result we obtain the same result for Segal 
Frechet algebras. 

Proposition 3.5. Let {B, qm)mGn be a proper Segal Frechet algebra in Frechet 
algebra {A,pe)£(zfi, with an approximate identity (ea)aeA- Then {ea)a<£K is not 
bounded in B. 

Proof. Suppose on the contrary that {eci)a^A is bounded in B. Thus for each 
m gN, supQ,g^ qm{sa) < Km, for some Km > 0. On the other hand by Remark 
2 .2, for every m € N, there exist Cm > 0 and £m, nm € N such that 

qm{ab) < CmPim{o)qnr.,{b), {a,b G B). 

Since (cq) is a bounded right approximate identity for B, for every b G B, e > 0 
and m € N, there exists am G A such that for each a > am, we have 

qm{b) S: qmib^a) ^ ^‘tnVim{^)hnm{^a) ^ CmKyi^P£^{h) -\- S. 

It follows that for each b G B, 

qm{b) S: ^nfiKn„,P£^{b) F S. 

Since B is dense in A, it follows that A = B, which is a contradiction. □ 
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Proposition 3.6. Let (.4, be a Frechet algebra and B be a dense subal¬ 

gebra of A. Moreover suppose that B has a bounded left approximate identity 
{ea)a^A- Then {ea)a^A is a bounded left approximate identity for A. 


Proof. Since {ea)aeA is bounded in A, we have pifea) < Ki for each ^ G N and 
some > 0. Clearly, we may assume that Ki>\. Let a & A and t' G N. Since 
B is dense in A^ for each e > 0, there exists b G B such that 


^ w,: 


On the other hand since {ea)a^A is a left approximate identity for B, there exists 
ai G A such that for each a > a^, 

£■ 

peicab -b) < -. 

Thus for each a > a(, we have 


Pi{eaa-a) < p(,{eaa - Cab) + pi{eab - b) + pi{b - a) 

< Pi{ea)Pi{a - 6) + pi{eab - 5) + pi{b - a) 

< Kepi{a - b)pe{eab - b)pi{b - a) 


< 


Ki — 
iKi 




< e. 


Consequently {ea)aeA is a left bounded approximate identity for A. 


□ 


The following corollary is immediately obtained by Proposition 3.6. 

Corollary 3.7. Let {B,qm)mGn be a Segal Frechet algebra in Frechet algebra 
(.4,p^)^gN. Moreover suppose that B has a left approximate identity (ea)aGA 
bounded in A. Then {ea)aGA is a bounded left approximate identity for A. 

Closed left (right) ideals in symmetric abstract Segal algebras have been char¬ 
acterized. In fact by ideal theorem, for every symmetric Segal algebra S'(G), 
every closed left (right) ideal / of S{G) is of the form J fl S{G), where J is a 
unique closed left (right) ideal of L^{G). We refer to [9] and also [20] for the ba¬ 
sic definition of Segal algebras and also all the required information about ideal 
theorem. Moreover this theorem has been proved for abstract Segal algebras; see 
[1, Theorem 3.1] and [1, Theorem 3.2]. As the final result of the present work, 
we prove this result for Segal Frechet algebras. 

Theorem 3.8. Let {B,qm)me'M be a symmetric Segal Frechet algebra in Frechet 
algebra {A,pe)e^fi. Then the following statements hold. 

(a) If J is a left ideal in A, then cI_a.(J) (closure of J in AJ is a closed left 
ideal in A. 

(b) If J is a left ideal in A, then cI_a.{J) D B is a closed left ideal in B. 

(c) If I is a left ideal in B, then c/^(/) is a closed left ideal in A. 

(d) If I is a closed left ideal in B and B has left approximate units, then 

I = clAii)nB. 

Proof, (a). Let a G A and b G cIa{J)- Then there exists a sequence (6„)„gN in 
J such that lim„_>oo Pi{bn — &) = 0, for each £ G N. Since pi is submultiplicative, 
thus 


Pe{abn - ab) < pe{a)pe{bn - b). 
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Thus lim„_i.oo abn = ab, in the topology of A. Since a&„ G J for all n G N, it 
follows that ab G This gives the implication (a). 

(6). By (a) it is clear that fl is a left ideal in B. We prove that 

d^iJ) n S is closed. Let (a„)„gN be a sequence in dj\^{J) fi B and a € B such 
that lim„^oo On = a, in tbe topology of B. Thus lim„^oo <Zm (on — a) = 0, for 
every m G N. It follows that (a„)„gN tends to a, in the topology of A. Since 
dj\{J) is closed in A, it follows that a G dj\^{J). Consequently dj,{J) fl is a 
closed left ideal in B. 

(c). Let a € A and b G Hence there exists a sequence in I 

such that lim„_>oo bn = b, in the topology of A. So Vivan^oapi{bn — &) = 0, for 
each £ G N. Since B is dense in A, there exists a sequence (c„)„eN in B such that 
lim„^.oo Cn = a, in the topology of A. Consequently lim„_>oo P^(cn — a) = 0, for 
each t' G N. Moreover we have 

Piicnbn - ab) < Pi{{cn “ a)6„) + Pi{a{bn - h))) 

< Pi{cn - a)pi{bn) + Pi{bn - b)pi{a). 

Since (5„)„gN is a bounded sequence in A, the right hand side of the above 
inequality tends to zero and so (c„6„)„gN tends to ab, in the topology of A, 
which implies that ab G dj\^{I). Thus the result is obtained. 

{d). It is clear that I C d_A{I) H B. We prove the reverse of the inclusion. 
Suppose that a G dj[{T) n B. For each e > 0 and to G N, there exists u G B such 
that qm{a—ua) < e/2. Since a G dj\^{I), we can find a sequence (a„)„gN in / such 
that lim„^oo On = a, in the topology of A. It follows that lim„_>oo Pi (an — a) =0, 
for each ^ G N. Moreover there exist £m, nm G N and > 0 such that 

q-miuGn - ua) = qm(u(an “ o)) < MmPi^(an - a)qn„,(u). 

Consequently lim„^oo — ua) = 0, for each to G N. Thus there exists 

£■ 

Nra ^ N, such that ~ 2 ’ Qmiuo,]s[^ — a) < €. Since I is 

closed in B, thus a G I. This completes the proof. □ 

Corollary 3.9. Let {B,qm)m€fi be a symmetric Segal Frechet algebra in Frechet 
algebra such that {B,qm)m€n has left approximate units. If I is a 

closed left ideal in B, then there exists a closed left ideal J in A such that I = 
J r\B. In fact J = cIa{I)- 
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